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ARROVIAN JUNTAS 



MICHAEL EISERMANN 



Abstract. This article explicitly constructs and classifies all arrovian voting systems on 
three or more alternatives. If we demand orderings to be complete, we have, of course, 
Arrow's classical dictator theorem, and a closer look reveals the classification of all such 
voting systems as dictatorial hierarchies. If we leave the traditional realm of complete or- 
derings, the picture changes. Here we consider the more general setting where alternatives 
may be incomparable, that is, we allow orderings that are reflexive and transitive but not 
necessarily complete. Instead of a dictator we exhibit a junta whose internal hierarchy 
or coalition structure can be surprisingly rich. We give an explicit description of all such 
voting systems, generalizing and unifying various previous results. 
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1. Introduction and outline of results 

1.1. Motivation and background. Classifying the objects of an axiomatic theory is a 
natural endeavour whenever it promises to be feasible and meaningful. In the case of 
arrovian voting systems, it seems that this approach has remained implicit and has not 
been systematically investigated in the published literature. This absence is all the more 
surprising as the arrovian axioms were the first to be considered, and characterizations have 
long been accomplished for several other classes of voting rules, such as simple majority 
rule [9 1 or scoring rules II ll[T3 1. 

Ideally, a classification comprises two goals: firstly, establish a precise description and 
compile an exhaustive list of all solutions satisfying the requirements, and secondly, elim- 
inate possible redundancy by identifying duplicate descriptions of the same solution. 

For complete orderings of at least three alternatives, the theorem of K.J. Arrow ||3l says 
that every voting system satisfying the axioms of unrestricted domain, unanimity, and in- 
dependence of iiTelevant alternatives is dictatorial. As stated, this result does not yet deter- 
mine the voting system: if the dictator is indifferent, then all outcomes are still possible. 
Nonetheless, the dictator theorem can be used to classify arrovian voting systems: by a 
careful induction argument one can exhibit a dictatorial hierarchy, as stated in Theorem^ 

1.2. From linear to partial orderings. Arrow's classical result makes essential use of 
the hypothesis that orderings be complete (also called linear or total). While reflexivity 
and transitivity seem indispensable for social orderings, the requirement of completeness 
is certainly less fundamental. Driven by Arrow's negative result, it seems worthwhile to 
drop completeness and to consider the more general setting of partial orderings (also called 
quasi-orde rings). As we will see, this framework allows for much more flexibility, and in 
particular Arrow's dictator theorem is no longer valid. It is thus natural to explore the limits 
and to boldly ask: what exactly are the possibilities? 

As J. A. Weymark [121 pointed out, "there has been surprisingly little work done explic- 
itly on social quasi-orderings". He went on to establish an arrovian result by proving the 
existence of an oligarchy, i.e. a unique minimal decisive set of voters. He did not discuss 
explicit examples, nor did he strive for a classification of possible voting systems. 

In this article we consider the general setting of partial orderings and analyze it as 
thoroughly as possible. We explicitly construct and classify all arrovian voting systems on 
three or more alternatives: we exhibit a junta' and precisely describe its internal hierarchy 
or coalition structure. To this end we reconsider the notion of (strongly) decisive sets, 
which allows us to classify the simple case (Theorem[Q. We then introduce the refined 
notion of relatively decisive sets, which allows us to analyze and reconstruct the inner 
workings of every arrovian voting system (Theorem|2j- 

1 .3. Relatively decisive sets. We will use fairly standard notation, as recalled in f|2lbelow. 
Throughout this article, / is the set of individuals (voters), and 2^ denotes the collection of 
its subsets. Up to fj^we will tacitly assume / to be finite of size «, say I — {1,2,. ...«}, but 
almost all arguments are valid for infinite sets as well. We will make this explicit in ijsl 

We denote by A the set of alternatives, and we will always assume that A contains at 
least three elements. The set of all partial preorders on A is denoted by 3^a- A voting 
system is a map C: 3^ a- We will exclusively be interested in the arrovian case, 
where C satisfies the axioms of unanimity and independence of irrelevant alternatives. 

'As an aside, in English and many other languages, the word "junta" usually has the connotation of military 
junta, whereas in Spanish the noun "junta" can mean a formal assembly in a very general sense. This spectrum 
of interpretations con'esponds well to the large variety of possible models that we will see later on. 
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In order to adapt the arrovian approach to partial orderings, we first revisit the notion of 
(strongly) decisive subsets of / and establish the following result: 

Theorem 1. Suppose that the set A contains three or more alternatives and consider a 
voting system C : <!^^ — ^ i^A that satisfies the axioms of unanimity and independence of 
irrelevant alternatives. Then C also satisfies neutrality and monotonicity. 
Furthermore, there exist unique subsets K CJ C I such that 

(1) a b implies a)p b, and K is minimal with respect to this property. 
Moreover, each k G K has veto power: if a b then a)^ b. 

(2) a)pj b implies a)p b, and J is minimal with respect to this property. 
Moreover, each j d J has infiuence: if a )pj b and a )^ j b, then a)^ b. 

In other words, K is the minimal decisive set, and J is the minimal strongly decisive set. 
Any pair {K,J) of subsets <d ^ K ^ J (- I can be realized in this way, and the trivial case 
K = J = Q) corresponds to the trivial voting system C{P\ , . . . = A x A. The case K = J 
corresponds to the voting system C{P\, . . . ,P„) = Oj^jPj, known as Pareto rule. 

Knowing the decisive sets does in general not characterize the voting system, because 
the case K ^ J needs further investigation. In order to obtain complete information, we 
introduce and analyze relatively decisive sets: given a subset N C I we say that J C I \N 
is decisive relative to N if a b and a^j b together imply a)^b, independently of all 
other preferences in the profile. Analogously, J is strongly decisive relative to N if already 
a b and a)pjb imply a)^b. (For N — dwe recover the absolute notions.) 

1.4. The classification theorem. We prove that for each there exists a smallest subset 
5N C I \ N that is decisive relative to A^. For ease of notation we also use the notation 
AA^ = dN U A^, which is equivalent to the initial data via dN = AN \ A^. (We denote by 
X U y the union of two disjoint sets, that is, X UY = X UY with X n F = 0.) 

By definition, 5 and A encode what could be called the coalition structure underlying 
the voting system C. This data is then shown to characterize every arrovian voting system, 
and we construct several examples in order to illustrate the possibilities. 

Theorem 2. Given an arrovian voting system C: — > on three or more alternatives, 
there exists a map 5: iJ ^ iJ such that 5N is the minimal decisive set relative to N. 
Moreover, A: 2' ^2', AN ^ 5NUN is the unique map enjoying the following properties: 

(1) NCAN and AM C AN for allMCNCL (Monotonicity) 

(2) IfANr\M^(dforsomeN,M'^t,thenA{NUM)=ANUM. (Minimality) 

(3) We have a)p b if and only if a b and a )^sf^ b for some N ^ L (Decisiveness) 
Conversely, given an arbitrary map A: 2^ 2^ satisfying (1), we set 5N — AN \ A^ 

and define a map C\ : <!3^^ ^^a by the rule (3). The resulting voting system Ca satisfies 
the arrovian axioms of unanimity, neutrality, monotonicity, and independence of irrelevant 
alternatives. Condition (2) ensures that 5N is the minimal decisive set relative to N. 

An analogous version holds for infinite societies but its statement is necessarily more 
involved, see Remark|56lor more generally Theorem|^at the end of this article. 

The previous theorem establishes a bijective correspondence: every arrovian voting 
system C: — > ^a is characterized by the associated coalition structure A: 2' ^ 2^. 
Even though conditions (1) and (2) may look technical at first sight, they are easy enough 
to verify for any given map A, and lend themselves well to the construction of examples: 

Example 3. We consider a set / = {1,2,3} of three voters and choose A0 = {1,2} as the 
smallest decisive subset. Then we necessarily have A{3} = {1,2,3}, and we also know that 



4 



MICHAEL EISERMANN 



A{1} and A{2} must each contain {1,2}. We choose A{1} = {1,2,3} and A{2} = {1,2}. 
This fixes all remaining choices to A^V = {1,2,3}. The resulting coalition structure is 
graphically represented in Figure[2 
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Figure 1 . A possible coalition structure for three voters 

In words, the associated voting system Ca works as follows. Given alternatives a,b eA, 
voters 1 and 2 together can decide either a y b or a b if both agree. If 2 is indifferent, 
then 1 alone can decide either a :^ or a If 1 is indifferent, however, then the decision 
is not left to 2 alone, but to 2 and 3: they can decide a "rp b or a ^ b if both agree. In all 
other cases the conclusion is a ±b, that is, a and b are considered incomparable. 

Notice that in this example each voter can influence the outcome: we have a b if and 
only if all three voters are indifferent (axiom of strong unanimity). 

Remark 4. The apparent complexity is not an artefact of our proof but faithfully reflects 
the large variety of arrovian voting systems. A certain complexity is thus unavoidable: 
the map A encodes the coalition structure, and, as in game theory or political practice, 
coalitions are in general a complicated matter. Even in small examples such as the previous 
one, the verbal description can become quite cumbersome, and the formal description using 
the characteristic map A is usually preferable. 

1.5. Back to linear orderings. One can weaken the hypotheses by requiring the voting 
system C to be defined only on the set of linear orderings. All of our arguments apply with 
only minor changes, and we obtain the following result: 

Corollary 5. Suppose that A contains three or more alternatives, and let C be the 
set of linear orderings on A, that is, complete reflexive and transitive relations. For every 
voting system C: ~^ •^A satisfying the axioms of unanimity and independence of irrel- 
evant alternatives, there exists a unique map A : 2' — > 2' satisfying the above conditions 
such that C — Ct^^j^. 

The previous corollary can be reformulated more succinctly, without explicit reference 
to the coalition structure A, as follows: 

Corollary 6 (Unique arrovian extension). Every arrovian voting system C: .5f( S^a 
admits one and only one arrovian extension C : such that C = C|.5f(. 

This result is rather unexpected. Once discovered, it is possible, but not quite obvious, 
to prove it directly, that is, without appealing to the classification. It says that we do not 
gain nor lose any generality in choosing the domain instead of ^{-^ 

^We mention in passing tliat Weymark 1121 exclusively considered the case of voting systems C : Jf^ 9^ a 
where individual preferences are complete while the aggregate preference is allowed to be incomplete, the main 
advantage being simpler proofs. With hindsight, Corollarvl6lremedies this asymmetry. 
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The characterization of arrovian voting systems takes a particularly nice and succinct 
form if we also restrict the range to linear orderings: 

Theorem 7 (Refined version of Arrow's dictator theorem). Suppose that A contains three 
or more alternatives. Then every map C: — > .i^A that satisfies unanimity and inde- 
pendence of irrelevant alternatives is a lexicographic voting rule according to a unique 
sequence (^i, . . . ,ki) of £ >0 individuals in I: given any two alternatives, ki decides on 
the outcome; in case of indifference k2 decides; in case of indifference decides, etc. 

Conversely, each sequence {ki,. . . ,k/i) defines an arrovian voting system C : J^a. 
If we demand that C satisfy the axiom of strong unanimity, then the sequence is necessarily 
of length £ = n. There are thus exactly n\ voting systems satisfying strong unanimity and 
independence of irrelevant alternatives, each corresponding to a permutation of the set I. 

We obtain this result here as a corollary of the general classification, but it can also be 
derived by iterated application of Arrow's classical dictator theorem. Its generalization to 
infinite societies is stated in Theorem|59j towards the end of this article. 

1.6. How this article is organized. Section|2lrecalls the relevant definitions and notation, 
in particular concerning orderings ( ^2.\\ and arrovian voting systems ( il2.2> . Section |3l 
reconsiders the notions of decisive and strongly decisive sets ( ^3.1> and establishes their 
fundamental properties ( i|3.2> . This leads to the characterization of juntas without internal 
structure ( i|3.3> . In order to treat the general case. Section |3 develops the refined notion 
of relatively decisive sets ( ii4.1> and discusses lexicographic voting rules as a principal 
example ( i|4.2> . These tools allow us to formulate and prove the general classification of 
arrovian juntas ( i)4.3> and its application to the case of linear orderings ( il4.4t . Section|5j 
finally, generalizes these results to infinite societies. 

2. Definitions and notation 

Our first task is to set the stage so that the classification can unfold as smoothly as 
possible. While the general axiomatic approach is standard, considerable care must be 
taken to adjust (and motivate) certain details of our definitions. For this reason, and to 
make this article self-contained, we will develop our arguments from scratch. 

2. 1 . Orderings. In the sequel, A will denote the set of alternatives (decisions, proposals, 
candidates, policies, allocations, issues, etc.) and preferences will be modelled by order- 
ings on A. More precisely, a partial preorder on A is a binary relation f C A x A that is 
reflexive and transitive, i.e. it enjoys the following two properties: 

Reflexivity: We have {a, a) e P for all a e A. 

Transitivity: Whenever {a,b) G P and {b,c) e P then {a,c) e P. 
Throughout this article we will use the term ordering as synonymous with partial preorder. 
We will interpret [a^b) G P as expressing that alternative a is at least as preferable as al- 
ternative b. Notice that indifference is allowed, that is, {a,b) e P and {b,a) e P can hold 
simultaneously for two distinct alternatives a,b (lA. Moreover, a and b can be incompara- 
ble, that is, neither {a,b) e P nor {b,a) G P holds. 

Notation. The set of all orderings P C A x A, i.e. partial preorders on A, will be denoted 
by We usually write a)p b to denote {a,b) G P. Indifference (a)p b and b a) is 
denoted a^ib. Strict preference {a)^b but not b)pa)\s denoted a ^ b. We write a)^ b 
if {a,b) ^ P. This includes incomparability (neither a b nor b ^ a), denoted a L b. In 
summary, we always have a a, and two distinct alternatives a b aie in exactly one of 
the four relations ayb or bya or a^ib or aLb. 
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Remark 8. Indifference and incomparability are very different concepts. Notice in partic- 
ular that indifference is an equivalence relation (i.e. reflexive, symmetric, and transitive), 
whereas incomparability is never reflexive and in general not transitive. 

Incomparability (a ± b) is to be interpreted as saying that the comparison between a 
and b remains undecided on the grounds of the available information. Indifference (a « b), 
however, expresses the conviction that a and b are equally preferable. Thus, whenever a 
voting system cannot reach a conclusion between alternatives a and b, it seems reasonable 
to declare them incomparable, rather than equivalent. 

Mathematically speaking, partial preorders are a convenient setting because they allow 
for sufficient flexibility. Admittedly, it is a very general concept and may seem remote 
from realistic applications. But then again it nicely models human judgements, where 
indifference and undecidedness seem to enter quite naturally. 

Remark 9. Most authors tend to impose stronger conditions by excluding non-comparability, 
or indifference, or both. In such contexts an ordering ^ may be required to satisfy: 

Completeness: Incomparability is excluded: a)^borb)pa for all a,/? G A. 
Antisymmetry: Indifference is excluded: a)^b and b)^ a implies a = b. 

A complete preorder (as opposed to partial) is also called linear or total: all alternatives 
are ranked in a linear fashion, possibly with ties. We denote by .5^^ C the set of linear 
orderings. An order or strict ordering is required to be antisymmetric, and a linear order 
is required to be complete and antisymmetric. This last notion is the most restrictive one: 
it amounts to a strict ranking of all alternatives, without ties, i.e. ay ^ a2 ^ ■ ■ ■ >- a,„ in the 
case of a finite set A of m alternatives. 

Remark 10. Some authors, partly on the basis of empirical psychological evidence, are 
even willing to sacrifice transitivity, but we will not do so here. Transitivity is the funda- 
mental constraint in this whole business and should not be given up. All of our arguments 
will entirely rely on transitivity, and all constructions will carefully preserve this property. 

2.2. Arrovian voting systems. Let be the set of all partial preorders on A, and let / 
be the set of individuals (voters, agents, committee members). We will usually assume that 
/ is finite of size n. The cases n = and n = 1 are trivial but shall not be excluded. The 
subtleties of infinite societies will be discussed in ^ 

An «-tuple {Pi, . . . ,P„) G is called a preference profile. The rank aggregation prob- 
lem is to single out suitable functions C: 3 ^ ^ iP^, where the domain is some 
subset of preference profiles, usually & = or ^ = ^j^. 

In voting theory, C is called a voting system or voting rule or social welfare function: it 
associates to every profile (f i , . . . , P„ ) G of individual preferences f i , . . . , f„ an aggregate 
preference P = C{Pi ,P„). We refer to A. Sen 1 10 1 as a general reference. 

Notation. It will be convenient to write a)pb instead of {a,b) G P, and analogously a )>=, b 
as shorthand for {a,b) G P,. The analogous notation a>~b,aK,b,a Lb, and a >~i b, a b, 
a _L, b with / G / will also be used. Given a subset J CI, we define a)pjbX.o signify a )pj b 
for all j G J, and analogously a^jbXo mean a>~jb for all j G J, etc. 

In the sequel we will consider voting systems C : 3^ a, which is sometimes called 
the axiom of unrestricted domain, because & = Each such map also satisfies what 
is called the axiom of transitivity, because the range is contained in the set of transitive 
relations. Among the many desirable properties of such voting systems, the following 
axioms have been considered as among the most fundamental: 
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Unanimity: If all individuals prefer atob then so does the aggregate ordering. 
Unanimity: a)pj b implies a)pb, i.e. if a b for all / G /, then a)pb. 
Strict unanimity: a)pib implies a)^ b, and a)~ib implies a^ b. 
Strong unanimity: a)^ib implies a)^b. Moreover, \fa)pib and a ^/ b for some 
/ G /, then a>~ b. (Obviously strong unanimity implies strict unanimity.) 
Monotonicity: If in each individual preference the comparison between a and b 
changes in favour of a or remains unchanged, then the same holds true for the ag- 
gregate preference. Formally, consider P = C{Pi, . . . ,P„) and P' = C{P[,... 
if {/ I a b} C {/ I fl /?} and {/ | b a] ^ {i\b a}, then a )p b implies 
a )p' b. 

Independence of irrelevant alternatives (IIA): The aggregate ranking between a 
and b depends only on their individual pairwise rankings. Formally, consider 
P = C{Px,... ,P„) and P' = C{P[,. . . ,P'„): if {/ | a b} = {/ | a b} and {/ | 
b )>=, fl} = {i\b a}, then a ;>= if and only if a )>=' b. (This is a consequence of 
monotonicity.) 

Neutrality: All alternatives are treated symmetrically, i.e. we have C(p*Pi, . . . ■,p*Pn) = 
p*C{P\ ,Pn) for all Pi , . . . ,P„ G and every permutation p : A — > A. 

Anonymity: All individuals are treated symmetrically, i.e. we have C{Pai ,Pan) — 
C{Pi, . . . ,Pn) for all Pi , . . . ,P„ G and every permutation a: I ^ I. 

Definition 11. Throughout this article we will suppose that A contains three or more alter- 
natives. A voting system C: — > 3^ a will be called arrovian if it satisfies the axioms of 
unanimity and independence of irrelevant alternatives. 

Remark 12. As a word of caution, we should point out that we allow the trivial voting 
system Cq : — > 3^ a, Cid{Pi, . . . ,P„) = A x A, declaring all alternatives equivalent, in- 
dependently of the preference profile (Pi, . . . ,P„). It satisfies all arrovian axioms except 
strict unanimity and strong unanimity, but apart from serving as a counter-example it is 
completely uninteresting. Most authors exclude trivial voting systems by demanding strict 
unanimity, and we will recover this condition as a special case of our classification, see 
Corollary|23 The weaker axiom of unanimity is preferable because it behaves well under 
restriction of the electorate, see Remarkl?51 

2.3. Immediate consequences. We have already noticed that monotonicity implies IIA. 
In the presence of three alternatives, these two axioms become equivalent: 

Lemma 13. If there are at least three alternatives, then unanimity and independence of 
irrelevant alternatives imply neutrality and monotonicity. 

Proof. Consider a voting system C : 3^j^ S^a satisfying unanimity and independence of 
irrelevant alternatives. We will first show neutrality, in a stronger form combining both 
neutraUty and independence of irrelevant alternatives: 

Strong neutrality: Consider P = C(Pi, . . . ,P„) and P' = C{P[, . . . ,P[^: if {/ | a >Pi 
b} = {i I a' b'} and {; | b :>=,■ a\ = {/ 1 a' /?'}, then a ^ /? if and only if a' b' . 

Given two alternatives a , i> G A, let ^{a,b)he the set of all pairs {X,Y) such that a'^ b 
with X = {i \ a ^, b} and Y = {i \a =4i b}. We claim that ^{a,b) does not depend on the 
specific alternatives a and b, that is, ^{a,b) is the same for all pairs {a,b). 
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We will first show that we can replace b by any other alternative fe' G A \ {a,b}, accord- 
ing to the following duplicated profile: 



XnY : 


a 


«/7P 


^b' 


X\Y : 


a 






Y\X: 


a 


^b^ 


^b' 


I\{XUY) : 


a 







Here b K,b' hy unanimity, hence a)p b ^ a)^ b' and a ^b <^ a ^ b' . This proves that 
^{a,b) — ^{a,y). Analogously we can replace a by any other alternative a' e A \ 
{a,b}. This ultimately leads to ^{a,b) — ^{a',y) for all pairs {a,b) and {a',y). 

In order to prove monotonicity, we want to compare two profiles P — C{Pi ,P„) and 
P' = C{P{,...,P;,) such that 

X^{i\a ■^i b} C {/ 1 fl b} X', 

Y^{i\b ■^i a} D {i \ b a} = Y' . 

Assuming a )p b v^t want to show that a )>=' b. We choose fo' G A \ {a,b} and construct 
a third profile P" = C(P[", . . . ,P") that duplicates P on the pair {a,b) and P' on the pair 
{a,y). More explicitly, we require {/ | a /?} = X and {/ | a b'} — X', as well as 
{/ \b)p^'i' a}^Y and {; | y >p'I a} = Y' . By our hypothesis X C X' and F D Y' we can 
also impose b b' for all ; G /. Now a)^b implies a ^" b, by IIA. Moreover we have 
b )p" y by unanimity, hence a ^" b' by transitivity. We conclude that a)^' bhy IIA and 
neutrality. □ 

3. Decisive subsets 

3.1. Definition and first properties. Decisive subsets are an important notion for the 
analysis of voting systems. In the present context two different concepts will play a role: 

Definition 14. A subset 7 C / is called decisive for the pair {a,b) \f a^jb implies a)pb. 
It is called strongly decisive for the pair {a,b) if akeady a)pj b implies a)pb. 

Notice that for J to be decisive we only demand that a^jb imply a)p b. The expected 
stronger conclusion a> b will be a consequence, shown in Proposition provided that 
the voting system is non-trivial.^ 

Remark 15. The axiom of unanimity states that / is strongly decisive for every pair (a, fo). 
Obviously strongly decisive implies decisive. Given neutrality, if a subset is (strongly) 
decisive for one pair {a^b), then it is (strongly) decisive for all pairs. Given monotonicity, 
it suffices to consider the worst case: 

(1) A subset y C / is decisive for [a^b) if and only ifa^jbonJ and a <j b on the 
complement J = I \J imply a'^ b. 

(2) A subset 7 C 7 is strongly decisive for {a,b) if and only if a b on J and a ^jb 
on the complement / = / \ / imply a"^ b. 

Proposition 16 (Exclusion property). If J C / is strongly decisive, then the members of the 
complement I \J have no influence whatsoever on the outcome. 



For the trivial voting system, the empty set / = is decisive: a yj b is always true and implies a)pb. (But 
not a y h\) Conversely, if 7 = is decisive, then the voting system is necessarily trivial. The trivial case is thus 
completely harmless, and there is no need to disallow it. See Remark l35l for an argument in favour of this choice. 
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Proof. Given two alternatives a,/? G A, we will show that the outcome for a and b depends 
only on the sets X = {i^J\a)pj b} and F = { j e 7 | a =<!;■ b}. Consider a third alternative 
fl' € A \ {a^b} and assume a' )px b and a' =4y b, as well as a «j a'. Then a^ia' because J 
is strongly decisive. The preferences on {a',i>} determine the outcome on {a',/?}, and thus 
the outcome on {a,b} because a w a' . We can thus arbitrarily modify the preferences of 
/ \ y on {fl, /?} without changing the outcome. □ 

Proposition 17 (Intersection property). Suppose that the set A contains at least three alter- 
natives and that the voting system C : — > satisfies unanimity and independence of 
irrelevant alternatives. IfJ\ and J2 are two (strongly) decisive subsets of I, then so is their 
intersection J = J\ ("172- If the set I of voters is finite, then the intersection of all (strongly) 
decisive subsets is the unique minimal (strongly) decisive subset. 

Proof. Assume that J\ and J2 are decisive. Given a)~j bwe want to show that a'^ b. We 
can choose a third alternative x E A \ {a,b} and arrange a^j^ x and x yj^b as follows: 

J : a>- xy b 
7i \ 7 : a,b y X 
: x>~ a,b 

We obtain a)p x because Ji is decisive, and x)pb because J2 is decisive, hence a)pbhy 
transitivity. This proves that 7 = 7i n72 is decisive for {a,b), hence decisive by neutrality. 
The argument for strongly decisive sets is analogous, by replacing 'V" with ")>="■ D 

3.2. Characterizing minimality. We begin with a sufficient criterion for decisiveness: 

Lemma 18. If a ^ b then the supporting set K = {i £ I \ a )>=,■ b} is decisive. 

Proof. Consider 7 = {/ e / | a b} and L = {/ G 7 | a ±, b}. We can choose a third 
alternative c G A \ {0,^} and assume b >~k c and b c and b ±1 c. Transitivity entails 
a c and a -<j c. On L, however, there is no restriction on the relation between a and c, 
and so we can choose a -<i c. 

K : a)p b )~ c 

J : a ~<b ~<c 

L : a J-b J-C, a ~< c 

By neutrality and monotonicity, a )p b implies b )^ c, hence a ^ c by transitivity. Now 
Remark^lQ applies and we conclude that K is decisive for (fl,c), hence decisive. □ 

Proposition 19. For a decisive set K C_ I the following conditions are equivalent: 

(1) K is minimal, that is, ifK' C K is decisive then K' = K. 

(2) K is the smallest decisive set, that is, ifK' is decisive then K C K'. 

(3) Each member k € K has veto power in the sense that a^^^b implies a)^ b. 
As a consequence, a b implies a)^ b, provided that the voting system is non-trivial. 

Proof. The implication (1) =^ (2) follows from Proposition 1171 if K' is decisive, then 
Kr\K' \s, decisive, hence K = Kr\K' hy minimality of K. This means that K CK'. 

The implication (2) => (3) follows from LemmaFTSl if a )>= then {/ G / | a b} is deci- 
sive. It necessarily contains the smallest decisive subset K, thus a )pK b. By contraposition, 
if a)^ii b for some k K then a)^b. 

The implication (3) (1) is clear: if K' QK is decisive, then k E K \K' has no veto 
power. This being excluded, we necessarily have K' = K, i.e. K is minimal. □ 
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Remark 20 (Oligarchies). In the terminology of Weymark 1121 . following Gibbard f6^, 
the minimal decisive set K C I is an oligarchy, in the sense that its members can impose 
a y b in the case of unanimity a >~k b, while each individual member k ^ K has veto 
power, i.e. a <kb implies a>^b. Weymark studied only voting systems C; — > S^a and 
thus excluded incomparabilities in the individual preferences. The preceding proposition 
proves the stronger version that a)^kb implies a"^b, which covers both a^kb and a ^-k b. 

Remark 21 (Arrow's theorem). Our arguments also hold for voting systems C : .5f( 3^ a 
defined on the subset ^a C 3^ a of linear orderings. Restricting to this domain simplifies 
the proofs, but does not change the results in an essential way. 

Restricting the range, however, is more severe. If we consider C: ^a ~^ -^a, then the 
minimal decisive subset K cannot contain more than one individual: if two individuals 
ij E K have veto power, then a>-ib and a b would imply a J- b. We thus obtain, as a 
by-product. Arrow's classical dictator theorem. (We will come back to this in ^4.41 ') 

Analogously, we have a sufficient criterion for strong decisiveness: 

Lemma 22. Ifa^b then the supporting set N = {i E I \ a /?} is strongly decisive. 

Proof. Consider 7 = {/ e / | a b} and K= {iel\a<i b} and L = {iel\a Li b]. We 
choose a third alternative a' G A \ {a,b} and consider the following profile: 

: a' Kia^b 

J : a' >- a y b 

K : a^a' ^b 

L: a ^ a' , a Lb, a Lb 

By neutrality, a b implies a' « b, whence a « a' . Now Remark [T5] (l2t applies and we 
conclude that is strongly decisive for {a, a'), hence strongly decisive. □ 

Proposition 23. For a strongly decisive set J EI the following conditions are equivalent: 

(1) J is minimal, that is, if J' C J is strongly decisive then J' ~ J. 

(2) J is the smallest strongly decisive set, that is, if J' is strongly decisive then J C J' . 

(3) Each member j E J has influence in the sense that a)pj b and a >~j b imply a>- b. 

In particular, the voting system satisfies strong unanimity if and only if the set I of all voters 
is the minimal strongly decisive subset. 

Proof. The implication (1) (2) follows from Proposition^] if f is strongly decisive, 
then so is 7 n J\ hence J — JOf hy minimality of J. This means that J EJ' . 

The implication (2) (3) follows from Lemma l22l \f a k, b then {i E I \ a b} 
is strongly decisive. It necessarily contains the smallest strongly decisive subset 7, thus 
awj b. By contraposition, if a "^j b for some j EJ then arfeb. We conclude that a>p]b 
and a >- j b for some j EJ imply a y b. 

The implication (3) ^ (1) is clear: if 7' C 7 is strongly decisive, then a Kij, b implies 
arab, and j E J \ J' has no influence on the outcome. □ 

Corollary 24. For an arrovian voting system C : 3^a on three or more alternatives, 

let K ^ J Q I be the minimal decisive and strongly decisive subsets, respectively. 

(1) C satisfies the axiom of strict unanimity if and only ifK ^ 0, i.e. C is non-trivial. 

(2) C satisfies the axiom of strong unanimity if and only if J = I. □ 
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Remark 25 (Revelation principle). From the very beginning of our discussion we have 
supposed that the individual preferences Pi,...,P„ G are known, tacitly assuming that 
all individuals truthfully reveal their preferences. From a game-theoretic point of view, 
this assumption is consistent if revealing the true preferences is a Nash equilibrium: no 
individual is better off by declaring another preference, or in other words, no individual 
has an incentive to lie. Moreover, individuals have an incentive to truthfully reveal their 
preferences if each individual preference can potentially decide the outcome. For this 
strong form of Nash equilibrium it is necessary that C be strongly unanimous: if 7 C / 
is strongly decisive, then some individuals are systematically excluded from the decision 
process and have no incentive whatsoever to reveal their preferences. 

3.3. Juntas without internal structure. The preceding notions being in place, we can 
now begin to classify the precise structure of arrovian voting systems. We will first treat 
the simple case where decisive and strongly decisive subsets coincide. The general case is 
more complex and will be treated in the next section. 

Example 26. Choose a subset 7 C 7 and define the voting system Cj : S^a by 

C/(7'i, . . . ,P„) := This implements the Pareto rule based on 7, which means that 

fl )^ if and only if a )pj b for all /' G 7. This can be seen as the "greatest common ordering" 
unanimously agreed upon by all members of 7. In the trivial case 7 = we recover the 
trivial voting system C0(Pi , . . . ,P„) = A x A. 

It is easily verified that Cj satisfies the axioms of unanimity, neutrality, monotonicity, 
and independence of irrelevant alternatives. Notice also that 7 is the smallest decisive 
subset, and at the same time the smallest strongly decisive subset. This property is charac- 
teristic in the following sense: 

Proposition 27 (Classification of juntas without internal structure). Suppose that the set 
A contains at least three alternatives and consider a voting system C: ~^ that 
satisfies the axioms of unanimity and independence of irrelevant alternatives. Let K C I be 
the smallest decisive subset, and let J C I be the smallest strongly decisive subset. Then 
we have the double inclusion Cj Ck, that is, 

^jejPj ^ C{Pu...,Pn) C a^ifA- 

for all preference profiles {Pi, . . . ,P„) G i^^. Equality C = Cj or C = Ck holds if and only 
ifK — J, that is, decisive and strongly decisive subsets coincide. 

Proof. On the one hand, the fact that 7 is strongly decisive is equivalent to the inclusion 
CljejPi ^ C{Pi , . . . ,f„) for all profiles {Pi, . . . ,P„) e On the other hand, according to 
Proposition[T^ each member k E K has veto power in the sense that a)^i^b implies a)^b. 
This is equivalent to C{Pi ,Pn) C di^fz^Pk- Obviously, if C = Cy or C = C^: then K = J. 
Conversely, if K = J, then the above inclusions show that C = Cj = Ck- □ 

Proposition 28. The statement of the preceding proposition holds verbatim for voting 
system C : defined only on the subset ^a C 3^ a of linear orde rings. 

Proof. We claim that the arguments developed for partial orderings still apply to linear 
orderings, i.e. all the necessary constructions can be carried out within J^'J^ C 

First of all, the definition of (strongly) decisive sets applies to linear orderings (Defi- 
nition[2}- The intersection property remains valid and ensures the existence of a unique 
minimal decisive set (Proposition^). We still have the characterization of the minimal de- 
cisive set in terms of veto power (Proposition^}; the proof is somewhat simplified by the 
stronger hypothesis that individual preferences no longer present incomparabilities. □ 
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Corollary 29. The only arrovian voting systems 3^ a (or — > f^A, respectively) 
on three or more alternatives that satisfy anonymity are the trivial voting system Cq and 
the strong Pareto rule C/. Only Cj satisfies anonymity and strong unanimity. 

Proof. Let C : — > or C : H^a be an arrovian voting system and let K be its 

minimal decisive set. Anonymity implies K — %or: K — I, thus C = Cq or C = C/. □ 

Remark 30. Although Cj fulfils the arrovian requirements, it is not at all satisfactory: 

• In the extreme case J = {]} the voting system Cj is dictatorial, with the individual 
j as dictator. In order to integrate more individuals in the decision process, we 
have to enlarge the set 7, but there is a price to pay: we can no longer ensure a 
complete ordering of alternatives. Even if we start out with complete orderings Pj, 
their intersection P — Clj^jPj may not be complete. In the worst case, we obtain 
the trivial ordering P — AxA. 

• In the other extreme, J = 1, the map C/ is the strong Pareto rule. It is the consensus 
in the strongest possible sense. Since each individual / G / has veto power, a single 
deviant voter can annihilate this over-ambitious consensus: by insisting on a _L, b 
each one can enforce the outcome a ± b. Even if we exclude incomparability 
and consider Q: ^a, the same happens for two opposing voters i,j with 
preferences a b and a ^jb. 

In particular we see that the voting system Cj wastes a lot of information: if / is small, 
many individuals are excluded; if J is large, then the conclusions are diluted, to the extent 
that quite often no conclusion whatsoever can be drawn. (Citizens of the European Union 
can testify recent examples.) This is the classical dilemma between equity and efficiency, 
which is the core problem in voting theory. 

Remark 31. The general setting of partial orderings highlights the role of completeness 
in Arrow's theorem: while in general any subset K C I can be an oligarchy, completeness 
forces oligarchies to shrink to a single individual, whence the dictator theorem. 

4. Classification of arrovian juntas 

4. 1 . Relatively decisive subsets. The preceding Proposition ^\ characterizes arrovian 
voting systems in which decisive and strongly decisive subsets coincide. In general they 
differ, as shown by Examplel36lbelow. In order to classify all possibilities, a more detailed 
analysis is thus required. The appropriate refinement is that of relatively decisive subsets: 

Definition 32. Let C / be a subset and consider two alternatives a,b ^ A. A subset 
J C_ I \N is decisive relative to N for the pair {a,b) if a b and a>j b together imply 
a)^b, independently of all other preferences. It is strongly decisive relative to N for the 
pair [a^b) if a Kij^ b and a'^j b together imply a)pb. 

Given neutrality, if a subset J is (strongly) decisive relative to for one pair (a,fe), 
then it is (strongly) decisive relative to for all pairs. In the latter case J is simply called 
(strongly) decisive relative to N, without reference to any pair {a,b). Notice that in the 
case N — (dwe recover the absolute version of (strong) decisiveness as in Definitionll4l 

The interpretation of relative decisiveness is as follows: if the members of declare 
themselves neutral in the sense that they regard a and b as being equivalent, then the de- 
cision is left to the members of the complement I \N. This can be formalized as follows: 
the inclusion I \ N ^ I induces an inclusion 0^: ^ (P,);g/n,a? i-^ iPi)iei by 

extending with Pi — A xA for all / £ N. We can thus define the restricted voting system 
:= Co 0^: ^[^'^ ^^[^ ^A- 
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Proposition 33 (Restriction of the electorate). All arrovian axioms (except strict unanim- 
ity) are hereditary in the sense that they remain valid when passing from C to the restriction 

. A subset J (Z I \ N is (strongly) decisive relative to N if and only if J is (strongly) de- 
cisive for the voting system C^. All properties established for (strongly) decisive sets thus 
carry over to (strongly) decisive sets relative to N. In particular, if I is finite, then for each 

C / there exists a unique minimal decisive subset relative to N, denoted dN C / \ A^. □ 

For ease of notation it is sometimes more convenient to work with AA^ = 5NUN. Since 
n 5N = 0, we can recover the initial data via 5N ~ AN \ A^. 

Example 34 (Pareto rule). Consider Q : ^ ^a, Cy(Pi, . . . ,P„) :== Clj^jP] for some 
fixed subset J CI. Here we find 5N ^J\N and AA^ = 7 U A^ for all A^ C /. 

Remark 35. In order to restrict the electorate as explained in Proposition |33l we have to 
allow trivial voting systems: even if C is non-trivial, it may well be that is trivial. This 
is the case if and only if A^ is strongly decisive for C, see Proposition^] In particular, the 
axiom of strict unanimity is not hereditary and thus technically quite cumbersome. 

Trivial voting systems could be avoided by demanding strong unanimity. This axiom 
is hereditary and our approach could thus be based on this stronger condition. For a finite 
society I both choices are essentially equivalent: each voting system — > satisfying 
unanimity can be restricted to satisfying strong unanimity, where 7 C / is the 

minimal strongly decisive subset. (See ProDositionsll6landl23n 

4.2. Lexicographic voting rules. The voting rule Cj can be refined by introducing extra 
structure. The idea is, as could be suspected, that all junta members are equal, but some 
are more equal than others: 

Example 36 (Lexicographic voting rule). Let Q.= {Ji C • • • C Z^} be an ascending chain 
of non-empty subsets Jx C /. We can then define Lexn : as follows: Given 

two alternatives a,b £ A, we set a ^ b if and only if a Kij b for all 7 G i2. Otherwise, 
let 7 G n be the smallest set for which we do not have a b; we then set a )>= if and 
only if a and symmetrically a ^ b if and only if a =ij b. This is the lexicographic 

voting rule associated to the chain f2: one can interpret £2 as a hierarchically ordered junta, 
with Ji being the inner circle, J2 being the enlarged inner circle, etc. Only in the case of 
indifference is the decision passed down in the hierarchy. 

Example 37 (Strong lexicographic voting rule). Given a chain £2 = {7i C • • • C Je} we set 
7o = and = J( for all X >£. The lexicographic voting rule Lexjj : — > ^a can then 
be rephrased as follows: we have a)^bif and only if there exists J = Jx and K = Jx+i^Jx 
such that a)pj b and a )pK b but not a b. By a slight modification, we define another 
voting rule Lex^ : ,^3^^ 3^ a as follows: we set a ^ if and only if there exists J = Jx 
and K — Jx+i'\Jx such that a)pj b and a >k b. This is called the strong lexicographic 
voting rule associated to the chain £2. As long asa^^j b, the decision is passed down in the 
hierarchy until the relatively decisive set K agrees on a strict preference a b. 

Proposition 38. For every chain Q. the voting rules Lexn and Lex^ satisfy the axioms of 
unanimity, neutrality, monotonicity, and independence of irrelevant alternatives. 

For LexQ we find 5q.N = ® if Je C N, and otherwise 5qN — Jx \N where Jx C Q. is 
the smallest subset such that Jx % N. For Lex^ we find 5qN — if Ji C A^, and otherwise 
5qN = Jx+\ \ N where Jx CQ. is the smallest subset such that Jx+\ H A^ C Jx- 

In both cases we obtain A0 = J\, AJ\ = J2, ■ ■ ■ , A/^_i = Jfi, AJi = Je, in particular the 
voting rule Lexa or Lex^ uniquely determines the chain £2 used in its construction. □ 
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More generally, we can associate to each arrovian voting system C: 3^ a a chain 
£l of subsets of / by setting 7o and inductively Jx+\ '■= tsJx- This data partitions 
arrovian voting systems into certain families, each associated to some chain Q.. In each 
such family, Lex^ and Lexn are the least and the greatest element, respectively: 

Proposition 39. For every arrovian voting system C: — > there exists a unique 
chain £L of subsets of I such that Lex^ C C C Lexn, namely the chain inductively defined 
by Jq := and Jx+\ '■— ^x- have Lexn = Lex^ if and only if the chain £2 is built by 
adding one element at a time, i.e. J^+i — Jx'^ {A+i}/'"' '^^^ A < £ 

Proof. We will first establish the existence of a suitable chain £2. Given C: S^Ai we 

set Jq:=Q) and inductively define Jx+\ :— AJx ■ Since / is finite, this sequence will stabilize 
with some J( — AJ(. We thus obtain an ascending chain Q. ~ {Ji C ■ ■ ■ C Je}. 

• In order to show Lex^ C C consider J — Jx and K — Jx+\ ^ Jx ■ We have K — 5Jhy 
construction. As a consequence, \faK,jb and a b then a ;>=/?. By monotonicity, 
the same holds true \f a)pjb and a >~k b. This proves the inclusion Lex^ C C. 

• In order to show C C Lexn suppose that a)pb. The inclusion is obvious if a K,jb 
for all J E Q.. Otherwise there exists J ^ Jx and K = Jx+i \Jx such that aK,j b 
but not a b. Since K is the minimal decisive set relative to J, we have a b 
by Proposition[^ This proves the inclusion C C Lex^. 

Conversely, suppose that H = {/j C • • • C Jt^ is a chain such that Lex^ C C C Lex^. 
The inclusion Lex^ C C implies that J\ is decisive for C, and C C Lexn implies that Ji is 
minimal (see Proposition! 19ll. This argument can be iterated: Jx+\ \ Jx is decisive relative 
to Jx because Lex^ C C, and minimal because C C Lexa. We conclude that Ji — A0 and 
inductively Jx+i= ^Jx for all A. □ 

4. 3 . Coalition structure of arrovian juntas. The notion of relatively decisive subsets has 
allowed us to analyze examples such as Lexn and Lex^. As a final step, we will now use 
it to classify all arrovian voting systems for a finite society /: 

Theorem 40. Given an arrovian voting system C : — > S^a on three or more alterna- 
tives, there exists a map 8: 2' — s- 2' such that 5N is the minimal decisive set relative to N. 
Moreover, A: 2' -^2', AN = 5NUN, is the unique map enjoying the following properties: 

(1) N CAN and AM C AN for all M CN C I. (Monotonicity) 

(2) If AN DM = (d for some N ,M C I, thenA{NUM) =ANUM. (Minimality) 

(3) We have a)p b if and only if a b and a "^gN b for some N QI. (Decisiveness) 
Conversely, given an arbitrary map A: 2' ^ 2' satisfying (1), we set 5N = AN \ 

and define a map C\ : ^a by the rule (3). The resulting voting system Ca satisfies 

the arrovian axioms of unanimity, neutrality, monotonicity, and independence of irrelevant 
alternatives. Condition (2) ensures that 5N is the minimal decisive set relative to N. 

Before proving this theorem, let us clarify some details and reformulations: 

Lemma 41. If(l) holds, then (2) becomes equivalent to the following weaker condition: 
(2') IfANnM^(dforsomeN,M'ZI, thenA{NUM) CANUM. 

Proof Obviously (2) implies (2'). Given (1), M CNUM imphes AM C A(A^UM), and 
C A^UM implies AA^ C A(A^UM). We obtain AVUAM C A(A^UM), and in particular 
AA^UM C A(A^UM). This proves that (1) and (2') imply (2). □ 

Lemma 42. If(l) holds, then (3) becomes equivalent to the following condition: 
(3') We have a)p b if and only if a )pN b and a )^S]\i bfor some N E I. 
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Proof. Obviously, if a b and a )~sn b, then a )pN b and a )~sn b- Conversely, if a )pN b 
and a ^sn b, then a Wf^i b and a>~K b for A^' = {/ e | a b} and K = 5NU{N \N'). 
By (1) we have 5N' C 5N C K, hence a w^/ b and a )^sn' b as desired. □ 

Lemma 43. //f2j holds, then (3) becomes equivalent to the following condition: 
(3") We have a)p b if and only if a '^SN' b for N' = {i G I \ a b}. 

Proof. We only have to show that a b and a ^sn for some NCI imply a )^sn' for 
the possibly larger set A^'. Obviously M = N' \ N is disjoint from 5N. Condition (2) now 



ensures that dN' = 5N, hence a)~SN' b as desired. □ 
Lemma 44. If a ;>= b, then K = {i E I \ a '^i b} is decisive relative to N = {i £ I \ a b}. 

Proof. This is a consequence of Lemma restricting to the electorate / \ we have 

K = {ieI\N\a^ib}. □ 



Proof of Theorem^O\ We already know from LemmafTSlthat every arrovian voting system 
C : satisfies neutrality and monotonicity. If / is finite then we can construct the 

map 5: 2' ~^2',N t-^ 5N, by applying Pi'opositionl33l Condition (3) holds by construction 
of 5 and the preceding Lemmal44l Turning to Condition (1), we first remark that A^ C AA^ 
by definition of A. Consider M C N C I: we know that a b and a )~g^ b imply a)^b. 
For K = A^V \ M, monotonicity of C ensures that a b and a b imply a)^b. This 
means that 8M C K, hence AM C A^V, as claimed. For (2), we know that a b and 
a ygi^ b imply a)p= b, independently of all other preferences. If A^V CiM = 0, then we can 
additionally assume a b and still conclude a)pb. Thus 5{NU M) C 5N, or equivalently, 
A(A^UM) C AA^UM. For the inverse inclusion see LemmalTTI 

In order to prove uniqueness we have to show, for every map A: 2' ^ 2^ satisfying 
(1), (2), (3), that 5N = AN \ A^ is the smallest decisive set relative to A^. To begin with. 
Condition (3) states that 5N is decisive relative to A^. Conversely, consider an arbitrary set 
K CI\N that is decisive relative A^. By definition, a^N b and a >k b imply a)pb, even if 
a^jbonJ — I\ (NUK). According to Condition (3) there exists N' CI such that a «;v' b 
and a ygN' b- We necessarily have N' Q N and 5N' C K. Since M = N\N' is disjoint 
from 5N', Condition (2) implies that 5N = 8N'. We conclude that 5N C K, which means 
that 5K is indeed the smallest decisive set relative to A^. 

Conversely, given A: 2' 2' satisfying (1), we have to verify that the associated voting 
system Ca : ~^ is well-defined: the outcome is obviously a reflexive relation, and 
the only delicate point is transitivity. Given a ;>= and b c we want to show a ^ c. We 
know that a^N^ b and a )^sni b, as well as b^^^ c and b )^sni c, for some N\,N2 C I. We 
thus have a c on the intersection N —Ni DNj, and a >~k c on K — (AA^i n AA'2) \ A^. 
Condition (1) ensures that AA^ C AA^i and AA^ C AA^2, thus AA^ C AA^i nAA^2- This proves 
that 5N C K, whence a >-5^ c. The defining rule (3) now says that a )>= c, as desired. 

Having proved that the map Ca : is well-defined, we conclude that it satisfies 

the arrovian axioms: unanimity, neutrality, and independence of irrelevant alternatives are 
clear by (3), while monotonicity follows from (1). Finally, it remains to show for Ca that 
5N — AN \ A^ is indeed the smallest decisive set relative to A^: given conditions (1), (2), 
and (3), this follows from the uniqueness proved above. □ 

Remark 45. The theorem asserts that every arrovian voting system C : — ^ on three 
or more alternatives is characterized by the associated map A: 2^ — > 2'. In particular we 
can extract the usual global information: A' = A0 is the smallest decisive subset, whereas 
the union 7 = Ua i^ '^he smallest strongly decisive subset. More precisely, we can 
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recover the chain il = {/i C • • • C Ji} defined by —K and Jx+\ ^X- According to 
Proposition|39]we have Lex^ C C C Lexn but in general the inclusion can be strict. 

Example 46. The smallest voting systems that are not of lexicographic type occur for 
three voters. Example|3lillustrates that the classification is not exhausted by lexicographic 
voting systems alone. Here we find the chain i2 = {{1,2} C {1,2,3}}. We have C ^ Lexn 
because Ac{l} = {1,2,3} but An{l} = {1,2}. Likewise C ^ Lex^ because Ac{2} = 
{ 1 , 2} but A^ { 2 } = { 1 , 2 , 3 } . We conclude that Lex^ C C C Lexn . 

Corollary 47. We have C CC' if and only (/AD A'. More explicitely, C[P\ ,f„) C 
C'{P\,...,Pn) for all profiles (Pi,...,P„) e if and only if M ^ A'N for all N QI. 

Proof We first recall that AN = 5NLiN and A'A^ = 8'NUN, which means that the condi- 
tions AA^ D A'N and 5N I) 5'N are equivalent. 

Given C C C' we want to show that every subset A' C / that is decisive for C relative 
to is also decisive for C' relative to A^. Consider a b and a >~k b and a ^^b on the 
complement L = I \{NUK). Since K is decisive relative to we know that a)^b, and 
from C C C' we deduce a >p b. We conclude that K is decisive for C' relative to A^. 

We suppose that every subset K <Z I that is decisive for C relative to A^ is also 
decisive for C' relative to A^. If a)p b then K — {i\ a b} is decisive for C relative to 
A^ = {/ 1 a /?}. By hypothesis, K is also decisive for C' relative to A^. We conclude that 
a >p b, as claimed. □ 

4.4. Back to linear orderings. The preceding proofs show a little more than stated in 
the Classification Theorem]^ one can weaken the requirements by demanding that the 
voting system C be only defined on the subset ^ C of linear orderings (i.e. complete 
preorders as opposed to partial preorders). We thus obtain the following result: 

Corollary 48. For every arrovian voting system C : on three or more alterna- 

tives there exists a unique map A: 7^ —tlf satisfying the conditions of Theorem \40l such 
that C = Ci,\^{. 

Proof. As explained in the proof of Proposition |28l the arguments developed in [J3] for 
partial orderings also apply to linear orderings, and all constructions can be carried out 
within C We can then consider relatively decisive subsets (Definitionl32>. and the 
argument of restricting the electorate works as before (Proposition |33}. In particular, for 
each A^ C / there exists a unique minimal decisive subset relative to A^, denoted 5N CI\N. 
The proof of Theorem^]then translates verbatim to a proof of Corollary|48l □ 

One could also strengthen the requirements and demand that C take values in the set of 
linear orderings. Here is a typical example: 

Example 49. We consider a family K = {ki,...,k() of distinct elements of / and define 
Lex;;; : .i^ — > J^'a as follows: We set a « if and only if a oij^ b for each k — ki, . . . ,kf. 
Otherwise, let k be the first element in the family ki,... ,k( with a r^i^ b, and set either 
a y b if a b, OT a ^ b if a b. This is the lexicographic voting rule associated to 
the family 71= {ki,... ,k(). As indicated, k^ has priority over kx+\, and only in the case 
of indifference is the decision passed down in the hierarchy. Notice that K = {ki } is the 
minimal decisive set, whereas J = {ki,. ..,ki} is the minimal strongly decisive set, and n 
is a permutation of the set J. 

Although the change of domain from to .if( has turned out to be insignificant, 
changing the range from ^^a to ^ alters the classification result dramatically. We are led 
to the following refinement of Arrow's dictator theorem, as stated in Theorem^] 
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Corollary 50 (Refined version of Arrow's dictator theorem). Suppose that the set A con- 
tains at least three alternatives. Then every map C : that satisfies unanimity and 
IIA is a lexicographic voting rule of the form C = heXj^for a unique family it — {ki, . . . ,k(). 

Proof. Via the inclusion .^a C 3^ a, we can apply the previous classification theorem to the 
map C; ipA- For each NCI, the minimal relatively decisive subset 5N contains 

at most one element. If it contained two different elements /, j G K, then a b together 
with a^ib and a b would imply a ±b, and C would not map to ^a- (Recall that / and 
j have veto power, see Proposition^]) 

Let ^ = 50 be the minimal decisive subset. If K = 9 then C is the trivial voting system 
and we conclude that i — Q. Otherwise K contains exactly one element, K — {ki}, with 
ki being the dictator In this case, 5{ki} is either empty or contains exactly one element, 
— {k2}. In the latter case we find d{ki,k2} = or 5{^i,^2} = {^a}- Iterating this 
argument, we obtain a family n = {ki,...,k() of distinct elements of /. We conclude that 
C ~ Lexji according to Propositionl39l □ 

Remark 51. If we insist that the voting system be strongly unanimous, then the only 
solutions are of the form Lex^i where 7t — {ki,...,k„) is a permutation of the entire set /. 
There are thus precisely n! voting systems C: JSf^ — > ^a that are strongly unanimous and 
independent of irrelevant alternatives. Even though dictatorial, they have the advantage to 
extract a maximum of information within the arrovian setting. The only point of unfairness, 
of course, is the arbitrary choice of the permutation n, that is, the order of individuals in 
the hierarchy. 

5. Infinite societies 

We conclude this article by adapting our arguments to the case where the set / of voters 
is infinite. The results are more involved but nevertheless illuminating by placing the finite 
case in a wider perspective. As before, denotes the set of all preference profiles 
or equivalently, of all maps / — » / 1— > P,. 

5.1. Lexicographic voting rules. For infinite societies, lexicographic voting rules can be 
defined as in Examples 1361 and l37l Here we consider a chain £2 C 2', i.e. a collection of 
subsets of / that is linearly ordered by inclusion. The only subtlety is that £2 must be well- 
ordered, that is, every non-empty subset £2' C £2 has a minimal element, i.e. the intersection 
Hyen' is again an element of £2'. (This is automatically satisfied if £2 is finite.) 

Proposition 52 (Lexicographic voting rule). If £1 CI 2' is a well-ordered chain, then the 
voting systems Lex^ , Lex^ : ,$5^^ !Pa <^^^ well-defined and satisfy the axioms of unanim- 
ity, neutrality, monotonicity, and independence of irrelevant alternatives. □ 

As a special case, consider a subset 7 C / equipped with some well-ordering <. Then 
the initial segments Jj — {i ^ J \ i < j} form a well-ordered chain £2 — {Jj \ j e J}. The 
associated voting rule Lex^y <) = Lexn — Lex^ works as follows: we have a ^ b if and 
only if a Kij b. Otherwise let j € J be the smallest element such that a 9^ ^ b; we then 
set fl ^ if and only if a ;>=j b, and symmetrically a ^ b if and only if a =4j b. As a 
concrete example, consider Lex^pj <) : — * ^a where 7 = N is ordered as usual, thus 
£2={{1}C{L2}C{1,2,3}C.;:}. 

Proposition 53 (Strict lexicographic voting rule). Suppose that J C I is equipped with 
some well-ordering <. Then the voting system Lex^y <^ : — > £Pa maps to ^a- 
Moreover, for each N I there exists a unique minimal decisive subset 5N C I \ N: we 
have 8N = if and only ifj C A^, and otherwise 5N = {min(y \ A^)}. □ 
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5.2. Principal voting systems. The uniqueness of a minimal decisive subset K C I le- 
mains valid even if the set / of voters is infinite: if two subsets Ki,K2 C / are decisive and 
minimal, then their intersection is decisive, hence Ki = Ki DKj = K2 by minimality. 

Our hypothesis that the set / be finite is crucial, however, for establishing the existence 
of a minimal decisive set: 

Example 54. Consider an infinite set / and define C : — > by the rule a)pb \f and 
only if a )pib for all but finitely many voters / G /. Here every finite set 7 C / is negligible 
since it has no influence on the outcome. Conversely, a subset 7 C 7 is decisive if and only 
if it has finite complement 7 \ 7. There is, however, no minimal such set. 

Definition 55. An arrovian voting system C: is called principal if for each 

NCI there exists a minimal subset M CI \N that is decisive relative to A^. In this case M 
is uniquely determined by and will be denoted by 5N as before. 

Remark 56. Every arrovian voting system on a finite set of voters 7 is principal. For an 
infinite society, C: £Pa can be principal, for example Lexjy <), or non-principal, 

as in the preceding Example 1541 For principal voting systems the Classification Theorem 
^]holds verbatim: given the existence of 5N, the finiteness of 7 is not used in the proof. 
Likewise we have the variant for linear orderings formulated in Corollarvl48l 

Definition 57. Every well-ordered chain Q. of subsets of 7 can be uniquely indexed by 
ordinal numbers A such that Q. = {Ji \ X < £} and 7k: C 7;l for fc < A . We say that £1 is 
continuously well-ordered if — [Jk<i Jk for every limit ordinal A. 

Proposition 58. For every principal arrovian voting system C : 3^ a there exists a 
unique continuously well-ordered chain £2 such that Lex^ C C C Lexn, namely the chain 
inductively defined by Jo '■= 0, and Jx+\ '■= ^X- have Lexj^ = Lex^ if and only if the 
chain £L is built by adding one element at a time, i.e. Jx^\ = 7;^ U {ix+i\ for oil X < L 

Proof. By hypothesis, C is principal, so for each N C I we can consider the minimal 
relatively decisive set 5N. We set AA^ — 5NUN and define 7o '.— 0, and inductively 
Jx+i ■= A7;l. In the case of an infinite set 7, we proceed by transfinite induction, setting 
J I '■= \Jk<)l for every limit ordinal A . Since 7 is a set, this process must stop with A7c = 
Ji for some ordinal i, and we obtain a continuously well-ordered chain f2 = {Jx | A <f\. 
The double inclusion Lex^ CC C Lexn follows as in the proof of Propositionl391 and the 
uniqueness argument generalizes verbatim to continuously well-ordered chains. □ 

We are now in position to prove the converse of Proposition |53l and thus characterize 
strict lexicographic voting rules. We obtain the following refined version of Arrow's dicta- 
tor theorem, which comprises the finite and the infinite case: 

Theorem 59. Suppose that C : ^a ^ principal arrovian voting system that maps 

.5f( to J^A- Then we have C = Lex^^j^^^ for some subset J C I equipped with a well-ordering 
<, and the pair (7, <) is uniquely determined by C. 

Conversely, every pair (7, <) can be realized in this way, thus establishing a bijection 
between the said voting systems and well-ordered sets (7, <) with J CI. 

Moreover, strong unanimity is equivalent to J — I. Principal arrovian voting system 
C : — > ^A that map to ^a o.nd satisfy strong unanimity are thus in bijective cor- 
respondence with well-orderings of the electorate I. 

Proof. By Proposition |58] we have Lex^ CCC Lexn for a unique continuously well- 
ordered chain £2, but in general this inclusion may be strict. We will now exploit the 
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hypothesis that C(.2^) C As shown in the proof of CoroUaiy |50| each 5N is either 
empty or consists of a single individual. The set J = Je becomes well-ordered via the 
bijection X i— > ji defined by the condition Ji+i \Ji = {A+i}. According to Proposition 
ISSl we conclude that C ~ Lex(y <) and the pair (7, <) is uniquely determined by C. □ 

5.3. The filter of decisive subsets. For non-principal voting systems we will now explain 
how to generalize the Classification Theorem^] As P.C. Fishburn pointed out, the 
family ^ of decisive sets forms a filter in the following sense: 

Definition 60. A filter on a set / is a collection of subsets ^ C 2^ such that 
(Fl) IfKCJCI, then Ke^ impHes Je^. 
(F2) We have / e that is, ^ is non-empty. 

(F3) if/:,7e^, then/rnye^. 

Given K C_I the collection {K) — {J C I \ K C J} is the principal filter generated by K. 
One has e ^ if and only if ^ is the trivial filter, i.e. ^ = (0) = 2'. A filter ^ is called 
proper if ^ An ultrafilter on / is a maximal proper filter. 

Remark 61. Following Bourbaki |4| §1.6.1], most authors demand ^ ^ as a fourth filter 
axiom. We will not do so here because trivial filters naturally occur in the sequel, as the 
decisive sets of trivial voting systems. Moreover, a filter on a set I is analogous to an ideal 
in a ring R, and this definition usually includes the ring itself as the trivial ideal. ^ If this is 
to be excluded, one should speak of proper ideals. We will conform our notation to this 
algebraic analogy, and thus speak of proper filters if we wish to exclude the trivial case. 

Remark 62. If a filter ,^ contains a minimal element K, then K is unique and ^ = [K) is 
the principal filter generated by K. If / is infinite then a filter does not necessarily have 
a minimal element: consider the filter ^ of all cofinite subsets K C I, that is, subsets K 
with finite complement I \K. (This is called the Frechet filter on /.) 

Remark 63. Given an element / G 7, the principal filter ({/}) is an ultrafilter If I is 
finite, then every ultrafilter ^ is of the form ^ = {{i}). In general, the axiom of choice 
guarantees that every proper filter is contained in some ultrafilter A filter ^ is an ultrafilter 
if and only if for every subset K C I one has either KgJF or I\KG ^ . j4] §1.6.4] 

Given a filter ^ we define a ;>=^ to signify a "^j b for some J E -J^. In the case 
of a principal filter ^ ~ (K) we have that a)p(f^-^b is equivalent to a )pK b, as defined 
previously. Analogously we define a y bto signify a>-jb for some J e etc. 

The following result was first published by A.P.Kirman and D. Sondermann j8|, and 
implicitly in P.C. Fishburn's previous article |5 1. Essentially, it had already been discovered 
in 1 952 by G. Guilbaud 1 7 1 . In order to make our presentation self-contained, we will state 
and prove the essential observation needed for our classification: 

Proposition 64 (Filter of decisive subsets). For every arrovian voting system C : 

on three or more alternatives, the family ^ of decisive sets is a filter on I. The same 
holds true for the subfamily C ^ of strongly decisive sets. Moreover, ifC maps .55^ to 
S£f^, then is either trivial or an ultrafilter on I. 

Conversely, every filter ^ on I defines an arrovian voting system : 3^^^ — > S^/^ by 
setting a )p b if and only if a b, and in this case ^ is the filter of decisive sets and 

^An ideal 5 in a ring [R, +, ■) is a subset S R such that (i) r- s E S for all r G S and s E S, (ii) e 5, that is, 
5 is non-empty, and (iii) i + f G S for all s.t G S. If we replace the ring (R, +, •) by the boolean algebra (2',n, U), 
then the conditions (i),(ii),(iii) translate to the filter axioms (F1),(F2),(F3). Notice that G i? is the neutral element 
with respect to addition +, while / G 2' is the neutral element with respect to intersection n. 



20 



MICHAEL EISERMANN 



also the filter of strongly decisive sets. If ^ — (K) is principal, then Cf^j^-^ — Ck as defined 
previously. If ^ is either trivial or an ultrafilter on I, then CgF maps .jSf^ to 

Proof. For every arrovian voting system C, the family ^ resp. is a filter: it satisfies 
(Fl) by monotonicity, (F2) by unanimity, and (F3) by Propositionll7l 

Suppose, moreover, that C(.ii^) C Consider a subset 7 C / and its complement 
K — I\J. For a profile with a^jb and a -<k b we have two possible outcomes: according 
to RemarkfTsllfll. \fa)^b then J is decisive; ifa^b then K is decisive. If we had both, then 
their intersection J r\K ^% would be decisive and C would be the trivial voting system. 
This being excluded, we conclude that ^ is an ultrafilter. 

Conversely, a filter ^ allows to define a map C^: 3^'^ 3^ a- First of all we have 
to show that this is well-defined. Obviously, the outcome is a reflexive relation because 
/ G The only delicate point is transitivity: given a'ypb and b)^c,wt know that a ^/f, b 
and b )pKi c for some Ki,K2 G J?. We thus have a )pK c on the intersection K = K\ (^K2. 
Condition (F3) ensures that K e J?, and hence a ^ c, as desired. 

Having proved that C^: 3^ a is well-defined, we conclude that it satisfies the 
arrovian axioms: neutrality, monotonicity and independence of irrelevant alternatives are 
clear by construction. Unanimity follows since I e as ensured by condition (F2). By 
definition, each set 7 e ^ is decisive for the voting system C^. Conversely a subset 7 C 7 
is decisive if and only if C 7 for some K £ Hence Condition (Fl) ensures that ,^ is 
the family of decisive sets for C^. 

Suppose, moreover, that ^ is an ultrafilter Given two alternatives a,b eA consider the 
set 7 = {/ G / I fl b} and its complement K = {i E I \ a b}. Since is an ultrafilter we 
have either 7 £ ^ or G This shows that a "rp b or a ^ b, in other words, the outcome 
is a complete ordering. □ 

As in the finite case, it is easiest to classify voting systems for which decisive and 
strongly decisive subsets coincide: 

Proposition 65 (Classification of juntas without internal structure). Given an arrovian 
voting system C : 3^'^ — > 3^a on three or more alternatives, let ^ be the filter of decisive 
sets, and let 'Z ^ be the filter of strongly decisive sets. We have the double inclusion 
Cg;i QC QC^, and equality C = or C = C^i holds if and only if ."P = , that is, 
each decisive set is also strongly decisive. 

Proof. This is a variation of Propositionl27l The inclusion C^/ C C is clear by definition 
of strong decisiveness. In order to show C C we appeal to Lemma^] given a>pb, the 
supporting set = {/ G 7 | fl /?} is decisive, hence a )pK b with K G □ 

5.4. Relatively decisive subsets. The preceding Proposition|65lcharacterizes voting sys- 
tems in which decisive and strongly decisive subsets coincide. In general they differ, as 
shown by lexicographic voting rules (see ii5. II above). In order to classify all possibilities, 
we thus take up the detailed analysis and consider the filter dN on I \N of decisive sub- 
sets relative to A^, following Proposition]^ If I is finite then this is simply the principal 
filter dN = (SN), but in the infinite case dN may not be principal, so that the language of 
filters is appropriate. We can now reformulate the principal classification. Theorem]^ by 
replacing the set 5N with the filter dN, which leads to Theorem]^ stated below. 

We will end this tour de force in set-theoretic abstraction by adding one final level of 
technicality. For infinite sets I it is sometimes inappropriate to consider arbitrary subsets 
K C I, that is, it may be necessary to work with some restricted family E C 2' . (See 
T.E.Armstrong fflEI-) TypicaUy this occurs when is a measure space: quite often 
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the measure : E — > M+ is defined only on E because it cannot be extended to the whole 
set 2'. Consider for example / = R and fi: T. ^ R+ the Lebesgue-measure defined on the 
family E of Lebesgue-measurable sets. Here the axiom of choice implies that E ^ 2''^. 

All that has been said and done in this article generalizes in an obvious way to the 
measurable context. To be explicit, we demand E to be an algebra in the following sense, 
and that all subsets and filters respect this algebra: 

Definition 66. An algebra on a set / is a collection of subsets E C 2' such that 

(1) We have / e E, and e E implies / \ G E. 

(2) IfK,J e E, then U 7 and n 7 are elements of E. 

The elements of E are called measurable sets, and the pair (7, E) is called a measurable 
space. A filter in an algebra E is a subset ^ C E such that 

(Fl) If ^:,7 e E, then G ^ and C 7 imply 7 G ^. 
(F2) We have / G J^, that is, ^ is non-empty. 
(F3) If/i:,7G^, thenar n7G=^. 

Given a measurable space (/,E) and a set A' G E, the collection {K) = {7 G E | C 7} 
is called the principal filter generated by K. One has G if and only if ,^ is the trivial 
filter, i.e. = (0) = E. A filter is called proper if ^ An ultrafilter in E is a 
maximal proper filter in E. 

We define ^^'^ to be the family of measurable preference profiles that is, we 

demand the set {/ G / | a b} to be measurable for each pair of alternatives a,b eA. Since 
E is an algebra, all relevant subsets of / thus become measurable, such as {/ G / | a b}, 
or {/ G / I fl b}, or {/ G / I fl -L; b}, etc. 

A voting system for the society (/,E) is a map C: ^'^^ — * and the arrovian ax- 
ioms can be formulated as before. (Notice that E = 2^ corresponds to a set / without any 
measurability restrictions.) If there are at least three alternatives, then unanimity and inde- 
pendence of irrelevant alternatives imply neutrality and monotonicity (Lemma[T3l. More- 
over, the (strongly) decisive subsets G E form a filter in the algebra E, and the preceding 
Propositionsl64landl65lstill hold. 

As in Proposition|33l it is possible to restrict the electorate to I\N for every measurable 
set G E, by passing from E to E^ = {A" \ | G E}, the restricted algebra onl \N. As 
before, this trick allows to define dN C E'^, the filter of decisive subsets relative to A^. 

5.5. Voting systems for measurable societies. Armed with the appropriate notation, the 
Classification Theorem now translates to arrovian voting systems C: 3^^^ — > for the 
measurable society (/,E). For ease of notation we define a map i^: E ^ FE, where FE is 
the set of filters ^ C E, by = ^A^+A^ = {7UA^ | 7 G <3A^} C (A^). Since ^A^ C E", we 
can recover the initial data via dN = -N={J\N\Je S>N}. 

In order to translate Theorem]^ to Theorem]^ we remark that J C K is equivalent 
to {K) G (7), so that the inclusions in condition (1) have to be reversed. The hypothesis 
AN riM = can be reformulated as AA' C 7 \ M, or equivalently (/ \ M) G (AA^), and 
replacing the principal filter {AN) by the filter ^N leads to the formulation of condition 
(2) in the general setting. 

Theorem 67. Asswne that A contains three or more alternatives, and let (/, E) be a mea- 
surable space as above. For every arrovian voting system C: S^^^ — > S^a there exists a 
map d that associates to each set A^ G E the filter dN C E^ of decisive sets relative to N. 
Moreover, f^: E — s- FE, i^N — dN +N, is the unique map enjoying the following proper- 
ties: 
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(1) &N C (A^) and QJN C Q}M for allMQN with M,N £ E. (Monotonicity) 

(2) IfM e E ant/ (/ \ M) C f/ien &{NUM) = m + M. (Minimality) 

(3) We /zflve a)p b if and only if a k,n b and a b for some N eT,. (Decisiveness) 
Conversely, given an arbitrary map E — > FE satisfying (1), we set dN = S^N — N 

and define a map C@ : S^'^ ■'^a by the rule (3). The resulting voting system satisfies 
the arrovian axioms of unanimity, neutrality, monotonicity, and independence of irrelevant 
alternatives. Condition (2) ensures that dN is the filter of decisive sets relative to N. 

Finally, the voting system C maps to if and only if for every e E the filter 
dN on E^ is either trivial or an ultrafilter. □ 

Analogously to the finite case. Conditions (2) and (3) can be reformulated as stated in 
Lemmas I4TM43I The remaining verifications are a lengthy but routine transcription of the 
proof of Theorem!^ and will be omitted. 

CoroUary 68, We have C<ZC' if and only if Q> C <2i' . More explicitely, C{P) C C'{P)for 
every profile P S ^^'^ if and only if ^^N C S^'Nfor every measurable set N eT,. □ 

The classification also holds for arrovian voting systems C: ^l'^ defined on 

linear orderings, cf. Corollary|48l This leads again to Corollary|6l which can be formulated 
without explicit reference to the coalition structure ^ nor any other technical details. 
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